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Introduction
This thesis is largely concerned with the changing representations of \bound-
ary" or \ideal" points of a pseudo-Riemannian manifold|and our primary
interest is in the space-times of general relativity. In particular, we are inter-
ested in the following question:
What assumptions about the \nature" of \portions" of a certain
\ideal boundary" construction (essentially the \abstract bound-
ary" of Scott and Szekeres (1994)) allow us to dene precisely the
topological type of these \portions", i.e., to show that dierent
representations of this ideal boundary, corresponding to dierent
embeddings of the manifold into others, have corresponding \por-
tions" that are homeomorphic?
Certain topological properties of these \portions" are preserved, even allowing
for quite unpleasant properties of the metric (Fama and Scott 1995). These
results are given in Appendix D, since they are not used elsewhere and, as well
as representing the main portion of work undertaken under the supervision of
Scott, which deserves recognition, may serve as an interesting example of the
relative ease with which certain simple results about the abstract boundary
can be obtained.
An answer to a more precisely formulated version of this question appears
very dicult in general. However, we can give a rather complete answer in
certain cases, where we dictate certain \generalised regularity" requirements
for our embeddings, but make no demands on the precise functional form of
our metrics apart from these. For example, we get a complete answer to our
question for abstract boundary sets which do not \wiggle about" too much|
i.e., they satisfy a certain Lipschitz condition|and through which the metric
can be extended in a manner which is not required to be dierentiable (C
1
), but
is continuous and non-degenerate. We allow similar freedoms on the interior
of the manifold, thereby bringing gravitational wave space-times within our
sphere of discussion. In fact, in the course of developing these results in
progressively greater generality, we get, almost \free", certain abilities to begin
looking at geodesic structure on quite general pseudo-Riemannian manifolds.
It is possible to delineate most of this work cleanly into two major parts.
Firstly, there are results which use classical geometric constructs and can be
given for the original abstract boundary construction, which requires dieren-
tiability of both manifolds and metrics, and which we summarise below. The
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second|and signicantly longer|part involves extensions of those constructs
and results to more general metrics. This is, actually, the natural way the
work developed, and is also a sensible way to approach later results without
the possibility of getting \bogged down" in a mish-mash of geometry and
analysis. The less analytical part is done in Part I.
Why might we be particularly interested in the \stability of form" of these
results on regular abstract boundaries? As noted at the end of chapter 2,
it would cast grave doubts over the \viability" of our \regular abstract
boundary" constructions if it turned out that \non-smooth perturbations"
of a smooth metric could result in a space-time where the topological type
of a portion of \boundary hypersurface", through which extension is possible,
could, again, depend on the precise way in which the extension is performed,
unlike the smooth case. Thus extending our results to non-smooth space-times
is a crucial matter for the \reasonableness" of regular abstract boundaries of
\classical" (non-quantum) space-times. It would appear to also be a crucial
matter for the study of abstract boundaries of \quantum space-times", were
this to be of interest in a theory of quantum gravity.
Actually, due to length the second block of work has been, in turn, split
into several parts, in which the constructions and results are progressively
generalised. First, in Part II, we treat \shock manifolds", pseudo-Riemannian
manifolds where the metric is, roughly speaking, merely required to be Lip-
schitz, rather than C
2 
or even C
1
. We use analytical concepts developed
in the last thirty yeas in Chapter 3 to develop \generalised parallel trans-
port" along \shock-transverse" curves. Admittedly, the generality and wide
applicability of this material would probably not be necessary were this our
sole aim. However, our techniques will admit almost instant generalisations
to, e.g., non-linear equations (that governing generalised parallel transport is
linear), parallel transport where uniqueness of solution is not assured, and
certain non-Lipschitz metrics, besides allowing a lucid, rigorous treatment of
the issues involved.
In Chapter 4, this generalised parallel transport is used to mimic the out-
come of the classical construction of the \bundle metric" on the orthogonal
frame bundle LM of (M; g), where now (M; g) is a shock manifold, i.e., g is
non-degenerate and Lipschitz. This is then used in the same manner as for the
smooth case, to give an answer to the question above.
We might ask ourselves how reasonable it is to treat a space-time containing
gravitational waves as described by a continuous metric, with discontinuities
arising merely in its derivatives. There seems to be a general acceptance that
this is so, backed up by strong evidence in the form of papers like Lichnerowicz
(1993). The continuous, but not dierentiable, form for our metrics has long
been assumed to be an appropriate one for describing space-times containing
gravitational shock waves (Penrose 1972a). It should not surprise one to be
told that a non-smooth (but continuous, unlike the situation with metrics of
many gravitational impulse waves, c.f. x3.2) coordinate transform may often
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be found which, according to the usual tensor transformation law
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applied at least where the coordinate transform is dierentiable, can exhibit
a metric that is discontinuous, merely on some submanifold, in continuous
form (i.e., g

0

0
continuous) (Aichelburg and Balasin 1996, apply x4). We
can certainly multiply a function f : R
n
! R that is discontinuous across
the zero set of a Lipschitz function g, but C
1
elsewhere, by g itself to get
a continuous function, and subject to certain requirements on g (e.g., that
its proximal subgradient where it vanishes never contain zero|a non-smooth
version of a familiar \non-vanishing Jacobian" property (Clarke 1989)), we
lose no information in the process. [This proposal of Penrose's, \putting the
metric in Rosen form", is also used for many distributional metrics, giving
a continuous form for the metric, but destroying the topological structure of
the underlying manifold|not just any dierentiable structure. We do not
consider such cases here. The future of rigorous study in this area may lie
in using Colombeau's \generalised functions" (see, e.g., Clarke, Vickers and
Wilson (1996), Aichelburg and Balasin (1996), Balasin (1996), Balasin (1997)
or Wilson (1997), the second of these containing interesting material about the
\Rosen form" mentioned), which the author, alas, has not had time to go into
here.]
Part III begins with a way of generalising parallel transport to cope with
non-uniqueness|while not enlarging the class of metrics which we consider.
This generalisation, to parallel transport along so-called non-shock-transverse
curves, is where our \dierential inclusions" method really comes into its own,
as it permits a rather elegant treatment (Chapter 5).
Only after this alternative exposition do we seek results, in Chapter 6, on
manifolds whose Levi-Civita connection components are allowed to be merely
square-integrable, though with metrics which are C
1
almost everywhere. In
particular, this class can be seen to include space-times with, in addition,
suitably \mild" singularities. Perhaps more signicant than allowing more
general metrics, we also here allow a breakdown of dierentiable structure of
our manifolds across \shock surfaces". Our main question is again settled.
Finally, in Part IV we consider geodesics of these shock manifolds. Fur-
ther study is warranted, but in Chapter 7 we solve initial value problems
and construct an exponential map at all points (to be more precise, a set-
valued map). In the tantalising but time-limited Chapter 8, we then apply
recent advances in the calculus of variations/optimal control theory to try to
solve the boundary value problem of nding a geodesic between two points.
Unfortunately, a solution eludes us in the interesting, indenite case, and,
as the author discovered after having solved the denite case, the latter has
already been done for even more general metrics, using slightly dierent means
(Miranda 1996). (This is not too surprising as the method and tools have been
around for several years.)
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An application of most of the material here to the rigorous denition
of asymptotic structure appears in Chapter 9. Appendices A{C are largely
summaries of material in the literature, while Appendix D is, as mentioned, a
body of earlier, complementary work (Fama and Scott 1995).
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